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Abstract
We establish connections between two cascades of integrable systems generated from the continuum
limits of the Hirota-Miwa equation and its remarkable nonlinear counterpart under the Miwa transfor-
mation respectively. Among these equations, we are mainly concerned with the semi-discrete bilinear
Kadomtsev-Petviashvili (KP) equation which is seldomly studied in literature. We present both of its Ca-
sorati and Grammian determinant solutions. Through the Pfaffianization procedure proposed by Hirota
and Ohta, we are able to derive the coupled integrable system for the semi-discrete KP equation.
Key words. Dependent variable transformations, The semi-discrete KP equation, Determinant solutions,
The coupled integrable system, Pfaffian solutions.
1 Introduction
In the early 1990s, Hirota and Ohta [1, 2] developed a procedure for generalizing equations from the KP
hierarchy to produce their coupled systems, which we now call Pfaffianization. These Pfaffianized equations
appear as coupled systems of ‘un-Pfaffianized’ equations and have solutions expressed in terms of Pfaffians.
So far, this procedure has been successfully applied to the Davey-Stewartson equations, the discrete KP
equation, the self-dual Yang-Mills equation, the differential-difference KP equation, the two-dimensional
Toda lattice equation and the semi-discrete Toda equation, etc. [3–8]. Besides, the Pfaffianized KP hierarchies
have been investigated in [9]. The key points involved in this procedure are first to find solutions to an ‘un-
Pfaffianized’ bilinear equation expressed in terms of Wronskian, Casorati or Grammian type determinants,
then to construct a Pfaffian with elements satisfying the Pfaffianized dispersion relations and finally to seek
coupled bilinear equations satisfied by these Pfaffians by using Pfaffian identities.
As is well known, a cascade of integrable systems can be produced from the Hirota-Miwa equation under
the Miwa transformation [10, 11]. In our previous work [12], we derived a remarkable nonlinear counterpart
of the Hirota-Miwa equation which we call the nonlinear Hirota-Miwa equation. In the same way as the
Hirota-Miwa equation, we were able to derive a cascade of integrable systems from the nonlinear Hirota-Miwa
equation. Among the cascade of bilinear integrable systems, we are mainly concerned with a differential-
difference equation with two discrete and one continuous variables. This equation is seldomly studied in
literature. We call this equation the semi-discrete KP equation and denote as ∆2∂KP for short.
In this paper, we will first establish the connections between the two cascades of bilinear and nonlinear
integrable systems. Then we aim to apply the Pfaffianization procedure to the ∆2∂KP equation. In order
to do so, we will first find both Casorati and Grammian determinant solutions to the ∆2∂KP equation
by employing Wronskian (Casorati) technique [13–15]. Then by applying the Pfaffianization procedure, we
manage to derive the coupled integrable system of the ∆2∂KP equation.
1
This paper is organized as follows. In Section 2, we first review some results given in [12] and then clarify
that how the continuum limits of the Hirota-Miwa equation and their nonlinear counterparts are related.
In Section 3, we present both Casorati and Grammian determinant solutions to the ∆2∂KP equation. In
Section 4, the coupled integrable system for the ∆2∂KP equation is derived by Pfaffianization. Conclusions
are given in Section 5.
2 On the continuum limits of the Hirota-Miwa equation and their
nonlinear counterparts
The well-known Hirota-Miwa equation reads as [10, 11]
a1(a2 − a3)T1(τ)T23(τ) + a2(a3 − a1)T2(τ)T31(τ)
+a3(a1 − a2)T3(τ)T12(τ) = 0, (2.1)
where τ is a function of discrete variables n1, n2 and n3, Ti is the shift operator defined by Ti(τ) = τ(ni+1),
Tij(τ) = Ti(Tj(τ)) and ai are lattice parameters. Let us denote τ(n1, n2, n3) = τ(n1, n2, n3;x1, x2, x3, · · · )
in order to introduce continuous variables x1, x2 and x3 etc.. By resorting to the Miwa transformation
xk =
∞∑
i=1
aki
k
ni,
one can obtain a cascade of bilinear equations by taking continuum limits of (2.1) in sequence. In the
following, we denote x1 = x, x2 = y, x3 = t. As a3 → 0, we have the semi-discrete KP equation (∆
2∂KP)
(a1 − a2)(T1(τ)T2(τ) − T12(τ)τ) + a1a2DxT1(τ) · T2(τ) = 0. (2.2)
As a2 → 0, we have the differential-difference KP equation (∆∂
2KP for short)
(a1Dy + a1D
2
x − 2Dx)T1(τ) · τ = 0. (2.3)
Finally we have the KP equation
(D4x + 3D
2
y − 4DxDt)τ · τ = 0. (2.4)
Here, we would like to remark that the Hirota’s bilinear operators Dx, Dy and Dn [16–18] are defined by
DpxD
q
t a · b ≡
(
∂
∂x
−
∂
∂x′
)p (
∂
∂t
−
∂
∂t′
)q
a(x, t)b(x′, t′)
∣∣∣∣
x′=x,t′=t
,
exp(δDn) a · b ≡ a(n+ δ)b(n− δ),
respectively.
In [12], Li, Nimmo and Tamizhmani proposed a remarkable nonlinear Hirota-Miwa equation
a1a2(∆1∆2G)(a1∆1G− a2∆2G)
+a2a3(∆2∆3G)(a2∆2G− a3∆3G)
+a3a1(∆3∆1G)(a3∆3G− a1∆1G)
= (a1 − a2)∆1∆2G+ (a2 − a3)∆2∆3G+ (a3 − a1)∆3∆1G, (2.5)
where ∆i = a
−1
i (Ti − 1) denotes the forward difference operator. Since we are considering the commutative
case, the additional terms involving the commutators given in [12] are not present here.
In a similar way as for (2.1), by taking continuum limits of (2.5) under Miwa transformations, we obtained
a series of nonlinear equations. They are the nonlinear semi-discrete KP equation
a1a2(∆1∆2G)(a1∆1G− a2∆2G)
= (a1 − a2)∆1∆2G+ a2∆2Gx − a1∆1Gx, (2.6)
2
the nonlinear differential-difference KP equation
a21(∆1Gx)(∆1G) + ∆1Gx −Gxx =
1
2
a1∆1(Gxx +Gy) (2.7)
and the nonlinear KP equation
3Gyy + (−4Gt − 6G
2
x +Gxxx)x = 0. (2.8)
Actually, the two sets of equations described above are closely related through the system [19, 20]
Uij + Ujk + Uki = 0, (2.9)
Tk(Uij) + Ti(Ujk) + Tj(Uki) = 0, (2.10)
Tk(Uij)Uki = Tj(Uki)Uij , (2.11)
where i, j, k ∈ {1, 2, 3}. On one hand, the system (2.9)∼(2.11) can be transformed to (2.1) under the
transformation
Uij = (a
−1
i − a
−1
j )
Tij(τ)τ
Ti(τ)Tj(τ)
. (2.12)
On the other hand, the system (2.9)∼(2.11) can be transformed to (2.5) under the transformation
Uij = a
−1
i − a
−1
j + Ti(G) − Tj(G). (2.13)
To make it clear, we will use the following picture to clarify the relations between the set of the bilinear
equations and that of the nonlinear equations.
✲✛Nonlinear Hirota-Miwa (2.5)
Uij
Bilinear Hirota-Miwa (2.1)
❄ ❄
a3 → 0 a3 → 0
✲Nonlin. Potential ∆2∂KP (2.6)
G = −∂(ln τ)/∂x
Bilinear ∆2∂KP (2.2)
❄ ❄
a2 → 0 a2 → 0
✲Nonlin. potential ∆∂2KP (2.7)
G = −∂(ln τ)/∂x
Bilinear ∆∂2KP (2.3)
❄ ❄
a1 → 0 a1 → 0
✲
Nonlin. potential KP (2.8)
G = −∂(ln τ)/∂x
Bilinear KP (2.4)
Figure 1: Continuum Limits and Connections
Remark. By applying ∆1 to (2.7) and choosing a1 = 1, u = −∆1G and y → −t, we have nothing but the
differential-difference KP equation considered in [21, 22]
∆(ut + 2ux − 2uux) = (2 + ∆)uxx.
Remark. Under scaling transformations u = −2G and y → −y, t → −4t, the nonlinear KP equation (2.8)
can be transformed to the potential KP equation considered in [23]
(ut + 3u
2
x + uxxx)x + 3uyy = 0.
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3 Determinant solutions to the ∆2∂KP equation
In what follows, we will be mainly concerned with the ∆2∂KP equation (2.2), its determinant solutions
proved by Wronskian (Casorati) technique and Pfaffians, and its corresponding coupled integrable system
generated by Pfaffianization.
3.1 Casorati determinant solutions
By the standard perturbation method, the semi-discrete KP equation (2.2) has the 2-soliton solution
τ2 = 1 +
(
1− a1q1
1− a1p1
)n1 (1− a2q1
1− a2p1
)n2
exp(p1−q1)x+const.+
(
1− a1q2
1− a1p2
)n1 (1− a2q2
1− a2p2
)n2
exp(p2−q2)x+const.
+
(p1 − p2)(q1 − q2)
(q1 − p2)(p1 − q2)
(
(1− a1q1)(1 − a1q2)
(1− a1p1)(1 − a1p2)
)n1 ( (1− a2q1)(1 − a2q2)
(1− a2p1)(1 − a2p2)
)n2
exp(p1−q1+p2−q2)x+const. . (3.1)
Let fi(n1, n2, x) = e
ξi + eξˆi with
eξi = (1− a1pi)
−n1(1− a2pi)
−n2 exppix+const.,
eξˆi = (1− a1qi)
−n1(1− a2qi)
−n2 expqix+const. .
Consider the Wronkian of f1 and f2 with regard to the variable x, we have
Wr(f1, f2) ≡
∣∣∣∣f1 f1,xf2 f2,x
∣∣∣∣ = (q2 − q1) exp(ξˆ1 + ξˆ2)τ2
∝ 1 + exp (ξ1 − ξˆ1) + exp (ξ2 − ξˆ2) +
(p1 − p2)(q1 − q2)
(p1 − q2)(q1 − p2)
exp(ξ1 + ξ2 − ξˆ1 − ξˆ2).
It is not difficult to show that Wr(f1, f2) also gives the 2-soliton solution to the ∆
2∂KP equation (2.2).
Actually, inspired by the 2-soliton case above, we may expect that the semi-discrete KP equation (2.2)
has the Wronskian determinant solution
τ(n1, n2, x) = Wr(f1, f2, · · · , fN) =
∣∣∣∣∣∣∣∣∣∣
f
(0)
1 (n1, n2, x) f
(1)
1 (n1, n2, x) · · · f
(N−1)
1 (n1, n2, x)
f
(0)
2 (n1, n2, x) f
(1)
2 (n1, n2, x) · · · f
(N−1)
2 (n1, n2, x)
...
...
. . .
...
f
(0)
N (n1, n2, x) f
(1)
N (n1, n2, x) · · · f
(N−1)
N (n1, n2, x)
∣∣∣∣∣∣∣∣∣∣
(3.2)
where f
(m)
i denotes f
(m)
i =
∂mfi
∂xm
and each fi (i = 1, 2, . . . , N − 1) satisfies the dispersion relations
∇mfi =
fi(nm)− fi(nm − 1)
am
=
∂fi
∂x
, for m = 1, 2. (3.3)
Following Nimmo and Freeman’s notation [14,15], we introduce some more compact notation and denote
τ(n1, n2, x) as
τ(n1, n2, x) =
∣∣∣0n1
n2
1n1
n2
2n1
n2
. . . N − 1n1
n2
∣∣∣ =
∣∣∣∣∣∣∣∣∣∣
f
(0)
1 (n1, n2, x) f
(1)
1 (n1, n2, x) · · · f
(N−1)
1 (n1, n2, x)
f
(0)
2 (n1, n2, x) f
(1)
2 (n1, n2, x) · · · f
(N−1)
2 (n1, n2, x)
...
...
. . .
...
f
(0)
N (n1, n2, x) f
(1)
N (n1, n2, x) · · · f
(N−1)
N (n1, n2, x)
∣∣∣∣∣∣∣∣∣∣
.
We can make a further notational simplification by suppressing the indices where the variables are unshifted
to leave
τ(n1, n2, x) =
∣∣0 1 2 . . . N − 1∣∣ .
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By resorting to the dispersion relations (3.3), for i = 1, 2, we have
τ(ni + 1) =
∣∣0 1 . . . N − 2 N − 1ni+1∣∣ ,
aiτ(ni + 1) =
∣∣0 1 . . . N − 2 N − 2ni+1∣∣ ,
(a1 − a2)τ(n1 + 1, n2 + 1) =
∣∣0 1 . . . N − 3 N − 2n2+1 N − 2n1+1∣∣ ,
τx(ni + 1) =
∣∣0 1 . . . N − 3 N − 1 N − 1ni+1∣∣+ ∣∣0 1 . . . N − 3 N − 2 Nni+1∣∣ ,
aiτx(ni + 1) =
∣∣0 1 . . . N − 3 N − 1 N − 2ni+1∣∣+ ∣∣0 1 . . . N − 3 N − 2 N − 1ni+1∣∣ .
By using the above-mentioned expressions, the semi-discrete KP equation (2.2) reduces to the Plu¨cker
relation
(a1τx(n1 + 1))(a2τ(n2 + 1))− (a2τx(n2 + 1))(a1τ(n1 + 1))
+ (a1τ(n1 + 1))τ(n2 + 1)− τ(n1 + 1)(a2τ(n2 + 1))− τ((a1 − a2)τ(n1 + 1, n2 + 1))
=
∣∣0 1 . . . N − 2 N − 2n2+1∣∣ ∣∣0 1 . . . N − 3 N − 1 N − 2n1+1∣∣
−
∣∣0 1 . . . N − 2 N − 1∣∣ ∣∣0 1 . . . N − 3 N − 2n2+1 N − 2n1+1∣∣
−
∣∣0 1 . . . N − 2 N − 2n1+1∣∣ ∣∣0 1 . . . N − 3 N − 1 N − 2n2+1∣∣
≡ 0.
Therefore, we have proved that the Wronskian determinant τ(n1, n2, x) given by (3.2) satisfies (2.2).
3.2 Grammian determinant solutions
By rewriting the 2-soliton solution τ2 given by (3.1), we have
τ2 = 1 +
1
p1 − q1
exp (ξ1 − ξˆ1) +
1
p2 − q2
exp (ξ2 − ξˆ2)
+
(p1 − p2)(q1 − q2)
(p1 − q2)(q1 − p2)(p1 − q1)(p2 − q2)
exp (ξ1 − ξˆ1 + ξ2 − ξˆ2)
=
∣∣∣∣∣
1 + 1
p1−q1
exp (ξ1 − ξˆ1)
1
p1−q2
exp (ξ1 − ξˆ2)
1
p2−q1
exp (ξ2 − ξˆ1) 1 +
1
p2−q2
exp (ξ2 − ξˆ2)
∣∣∣∣∣
which can be reinterpreted as a Grammian determinant
τ2 = det(aij)1≤i,j≤2, aij = δij +
∫ x
exp(ξi − ξˆj)dx.
We may then expect that the semi-discrete KP equation (2.2) has the N × N Grammian determinant
solution
τ (n2)n1 = det(aij)1≤i,j≤N , aij = cij +
∫ x
fi(n1,−n2, x)gj(−n1, n2, x)dx, cij = const. (3.4)
with fi(n1,−n2, x) and gj(−n1, n2, x) satisfying the dispersion relations
∇1fi =
fi(n1)− fi(n1 − 1)
a1
=
∂fi
∂x
, ∇2fi =
fi(−n2)− fi(−n2 + 1)
a2
=
∂fi
∂x
, (3.5)
∆2gj =
gj(n2 + 1)− gj(n2)
a2
=
∂gj
∂x
, ∆2gj =
gj(−n1 − 1)− gj(−n1)
a1
=
∂gj
∂x
. (3.6)
In order to prove that (3.4) does give the Grammian determinant solution to the semi-discrete KP
equation (2.2), we need to calculate the derivatives and the shifts of τ
(n2)
n1 . Let us express τ
(n2)
n1 by means of
a pfaffian as
τ (n2)n1 = (1, 2, . . . , N,N
∗, . . . , 2∗, 1∗)(n2)n1 (3.7)
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where (i, j∗)
(n2)
n1 = cij +
∫ x
fi(n1,−n2, x)gj(−n1, n2, x)dx, cij = const. and (i, j) = (i
∗, j∗) = 0.
Next, let us introduce pfaffian entries
(dm, j
∗) = gj(−n1, n2 +m), (d
∗
m, i) = fi(n1,−n2 +m), (c
∗
m, i) = fi(n1 +m,−n2), (3.8)
(c∗m, d
∗
n) = 0, (c
∗
m, dm) = 0, (dm, d
∗
n) = 0, (dm, i) = 0, (d
∗
m, j
∗) = 0, (c∗m, j
∗) = 0. (3.9)
By using the dispersion relations (3.5)∼(3.6), we have
(i, j∗)
(n2)
n1+1
= (i, j∗)(n2)n1 + a1fi(n1 + 1)gj = (i, j
∗)(n2)n1 + a1(d0, c
∗
1, i, j
∗)(n2)n1 ,
(i, j∗)(n2+1)n1 = (i, j
∗)(n2)n1 + a2fi(−n2 − 1)gj = (i, j
∗)(n2)n1 + a2(d0, d
∗
−1, i, j
∗)(n2)n1 ,
(i, j∗)(n2+1)n1,x = fi(−n2 − 1)gj(n2 + 1) = (d1, d
∗
−1, i, j
∗),
(i, j∗)
(n2)
n1+1,x
= fi(n1 + 1)gj(−n1 − 1) = a
−1
2 fi(n1 + 1)(a1gj(n2 + 1)− (a1 − a2)gj)
= a−12 (a1(d1, c
∗
1, i, j
∗)− (a1 − a2)(d0, c
∗
1, i, j
∗)),
(i, j∗)
(n2+1)
n1+1
= (i, j∗)(n2)n1 + a2fi(−n2 − 1)gj + a1(a1 − a2)
−1gj(n2 + 1)(a1fi(n1 + 1)− a2fi(−n2 − 1))
= (i, j∗)(n2)n1 + a2(d0, d
∗
−1, i, j
∗) + a1(a1 − a2)
−1(a1(d1, c
∗
1, i, j
∗)− a2(d1, d
∗
−1, i, j
∗)).
By using the addition formulae and derivative formulae for pfaffians, we have
τ
(n2)
n1+1
= τ (n2)n1 + a1(d0, c
∗
1, •), τ
(n2+1)
n1
= τ (n2)n1 + a2(d0, d
∗
−1, •),
τ (n2+1)n1,x = (d1, d
∗
−1, •), τ
(n2)
n1+1,x
= a1a
−1
2 (d1, c
∗
1, •) + (1− a1a
−1
2 )(d0, c
∗
1, •),
τ
(n2+1)
n1+1
= τ (n2)n1 + a2(d0, d
∗
−1, •) + a1(a1 − a2)
−1(a1(d1, c
∗
1, •)− a2(d1, d
∗
−1, •) + a1a2(d1, c
∗
1, d0, d
∗
−1, •)),
where we have used • to represent the list of indices 1, 2, . . . , N,N∗, . . . , 2∗, 1∗ common to each pfaffian.
By substituting the above expressions, the semi-discrete KP equation (2.2) reduces to nothing but the
Jacobi identity for determinants
(a1 − a2)(T1(τ)T2(τ) − T12(τ)τ) + a1a2DxT1(τ) · T2(τ)
= −a21a2[((d1, c
∗
1, d0, d
∗
−1, •))(•)− (d0, d
∗
−1, •)(d1, c
∗
1, •) + (d1, d
∗
−1, •)(d0, c
∗
1, •)]
≡ 0.
We have proved the Grammian determinant solutions (3.4) to the semi-discrete KP equation (2.2).
Remark. One can refer to [2, 16, 18] for definitions of Pfaffians, their properties and their applications in
soliton theory and integrable systems.
4 The coupled integrable system for the ∆2∂KP equation
In this section, we shall use the Pfaffianization procedure to seek the coupled integrable system of the semi-
discrete KP equation (2.2). For this purpose, we require Pfaffians with elements satisfying the Pfaffianized
form of the dispersion relations (3.3). Therefore, the entries in our Pfaffians are chosen to satisfy
∇n1(i, j)
(n2)
n1
= a−11 ((i, j)
(n2)
n1
− (i, j)
(n2)
n1−1
) = (i, j + 1)(n2)n1 + (i+ 1, j)
(n2)
n1
− a1(i + 1, j + 1)
(n2)
n1
, (4.1)
∇n2(i, j)
(n2)
n1
= a−12 ((i, j)
(n2)
n1
− (i, j)(n2−1)n1 ) = (i, j + 1)
(n2)
n1
+ (i+ 1, j)(n2)n1 − a2(i+ 1, j + 1)
(n2)
n1
, (4.2)
(i, j)(n2)n1,x = (i+ 1, j)
(n2)
n1
+ (i, j + 1)(n2)n1 . (4.3)
or equivalently
(i, j)
(n2)
n1−1
= (i, j)(n2)n1 − a1(i, j + 1)
(n2)
n1
− a1(i+ 1, j)
(n2)
n1
+ a21(i+ 1, j + 1)
(n2)
n1
, (4.4)
(i, j)(n2−1)n1 = (i, j)
(n2)
n1
− a2(i, j + 1)
(n2)
n1
− a2(i+ 1, j)
(n2)
n1
+ a22(i+ 1, j + 1)
(n2)
n1
, (4.5)
(i, j)(n2)n1,x = (i+ 1, j)
(n2)
n1
+ (i, j + 1)(n2)n1 . (4.6)
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If we wish to consider solutions of this coupled system then we need entries in Pfaffians to satisfy the
dispersion relations (4.1)∼(4.3) introduced earlier. By refering to [24], we can choose
(i, j)(n2)n1 =
M∑
m=1
[f2m−1(i)f2m(j)− f2m−1(j)f2m(i)]
where fm satisfy the equations
fm(n1, n2, x : i)− fm(n1 − 1, n2, x : i) = a1fm(n1, n2, x : i+ 1),
fm(n1, n2, x : i)− fm(n1, n2 − 1, x : i) = a2fm(n1, n2, x : i+ 1),
∂
∂x
fm(n1, n2, x : i) = fm(n1, n2, x : i+ 1).
Let us take
τ (n2)n1 = (1, 2, . . . , N)
(n2)
n1
, N even (4.7)
together with (i, cj)
(n2)
n1 = a
N+1−i
j and (ci, cj) = 0 for i 6= j, then we have
τ
(n2)
n1−1
= (1, . . . , N,N + 1, c1)
(n2)
n1
, (4.8)
τ (n2−1)n1 = (1, . . . , N,N + 1, c2)
(n2)
n1
, (4.9)
τ
(n2−1)
n1−1
=
a1a2
a2 − a1
(1, . . . , N,N + 1, N + 2, c1, c2)
(n2)
n1
, (4.10)
∂
∂x
τ
(n2)
n1−1
= (1, . . . , N,N + 2, c1)
(n2)
n1
− a−11 (1, . . . , N,N + 1, c1)
(n2)
n1
, (4.11)
∂
∂x
τ (n2−1)n1 = (1, . . . , N,N + 2, c2)
(n2)
n1
− a−12 (1, . . . , N,N + 1, c2)
(n2)
n1
, (4.12)
∂
∂x
τ
(n2−1)
n1−1
=
a1a2
(a2 − a1)
(1, . . . , N + 1, N + 3, c1, c2)
(n2)
n1
−
a1 + a2
a2 − a1
(1, . . . , N + 2, c1, c2)
(n2)
n1
. (4.13)
Before we move to the next step, let us first review two simple Pfaffian identites:
(1, . . . , N, α, β, γ, δ)(1, . . . , N)
− (1, . . . , N, α, β)(1, . . . , N, γ, δ)
+ (1, . . . , N, α, γ)(1, . . . , N, β, δ)
− (1, . . . , N, α, δ)(1, . . . , N, β, γ) = 0, N even (4.14)
(1, . . . , N, α, β, γ)(1, . . . , N, δ)
− (1, . . . , N, α, β, δ)(1, . . . , N, γ)
+ (1, . . . , N, α, γ, δ)(1, . . . , N, β)
− (1, . . . , N, δ, γ, δ)(1, . . . , N, α) = 0, N ood. (4.15)
Actually, these two Pfaffian identities are generalizations of the Plu¨cker relation and Jacobi identities for
determinants, respectively. This is the reason that we can extend the semi-discrete KP equation (2.2) to its
coupled system.
Following Hirota and Ohta’s procedure [1, 2], we now introduce two new functions
σ(n2)n1 = (1, . . . , N,N + 1, N + 2)
(n2)
n1
, (4.16)
σ˜(n2)n1 = (1, . . . , N − 2)
(n2)
n1
. (4.17)
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We can show that τ
(n2)
n1 , σ
(n2)
n1 and σ˜
(n2)
n1 satisfy the following bilinear equations
a1a2(τ
(n2)
n1−1
τ (n2−1)n1,x − τ
(n2)
n1−1,x
τ (n2−1)n1 )
+ (a1 − a2)(τ
(n2)
n1−1
τ (n2−1)n1 − ττ
(n2−1)
n1−1
)− (a2 − a1)σ
(n2)
n1
σ˜
(n2−1)
n1−1
= 0, (4.18)
a1a2(a2 − a1)[τ
(n2)
n1
σ˜
(n2−1)
n1−1,x
− τ (n2)n1,x σ˜
(n2−1)
n1−1
]
+ a21a
2
2(σ˜
(n2)
n1−1
τ (n2−1)n1 − σ˜
(n2−1)
n1
τ
(n2)
n1−1
) + (a22 − a
2
1)τ
(n2)
n1
σ˜
(n2−1)
n1−1
= 0, (4.19)
a1a2(a2 − a1)[σ
(n2)
n1
τ
(n2−1)
n1−1,x
− σ(n2)n1,xτ
(n2−1)
n1−1
]
+ a21a
2
2(τ
(n2)
n1−1
σ(n2−1)n1 − τ
(n2−1)
n1
σ
(n2)
n1−1
) + (a22 − a
2
1)σ
(n2)
n1
τ
(n2−1)
n1−1
= 0. (4.20)
In fact, substitution of (4.7)∼(4.13) and (4.16)∼(4.17) into (4.18) leads to the following Pfaffian identity
a1a2(1, . . . , N,N + 1, N + 2, c1, c2)(1, . . . , N)
− a1a2(1, . . . , N,N + 1, N + 2)(1, . . . , N, c1, c2)
+ a1a2(1, . . . , N,N + 1, c1)(1, . . . , N,N + 2, c2)
− a1a2(1, . . . , N,N + 1, c2)(1, . . . , N,N + 2, c1) = 0.
In the same way, one can easily show that (4.19) and (4.20) are equivalent to the following two Pfaffian
identities, respectively.
a21a
2
2(1, . . . , N − 1, N)(1, . . . , N − 1, N + 1, c1, c2)
− a21a
2
2(1, . . . , N − 1, N + 1)(1, . . . , N − 1, N, c1, c2)
+ a21a
2
2(1, . . . , N − 1, c1)(1, . . . , N − 1, N,N + 1, c2)
− a21a
2
2(1, . . . , N − 1, c2)(1, . . . , N − 1, N,N + 1, c1) = 0, (4.21)
a21a
2
2(1, . . . , N + 1, N + 2)(1, . . . , N + 1, N + 3, c1, c2)
− a21a
2
2(1, . . . , N + 1, N + 3)(1, . . . , N + 1, N + 2, c1, c2)
+ a21a
2
2(1, . . . , N + 1, c1)(1, . . . , N + 1, N + 2, N + 3, c2)
− a21a
2
2(1, . . . , N + 1, c2)(1, . . . , N + 1, N + 2, N + 3, c1) = 0. (4.22)
Remark. We have successfully found the coupled integrable system (4.18)∼(4.20) for the semi-discrete KP
equation (2.2) through Pfaffianization. The essential step is to generalize the Wronkian determinant solutions
for the semi-discrete KP equation (2.2) to the Wronskian-type Pfaffians which no longer satisfy (2.2) but its
coupled systems (4.18)∼(4.20). Since the semi-discrete KP equation (2.2) also has Grammian determinant
solutions, similarly, we can generalize the Grammian determinant solutions to the Grammian-type Pfaffians
to derive the same coupled system (4.18)∼(4.20). In other words, the coupled system (4.18)∼(4.20) has
Grammian-type Pfaffian solutions too which we will not give here.
5 Conclusion
The well-known Hirota-Miwa equation is very fundamental in soliton theory and integrable systems. Many
integrable systems can be generated from it. In [10,11], by taking continuum limits of the Hirota-Miwa equa-
tion under the Miwa transformation, the semi-discrete KP equation, the differential-difference KP equation
and the well-known KP equation were derived. In our previous work [12], we found a remarkable nonlinear
fully discrete KP equation expressed in terms of a single equation. This nonlinear Hirota-Miwa equation can
be also taken continuum limits to derive the nonlinear semi-discrete KP equation, the nonlinear differential-
difference equation and the nonlinear KP equation under the Miwa transformation. In this paper, we establish
connections between these two cascades of integrable systems. Later on, we are mainly concerned with the
semi-screte bilinear KP equation which is seldomly studied. We present both of its Casorati determinant
solutions and Grammian determinant solutions. By using the Pfaffianization procedure proposed by Hirota
and Ohta, we are able to derive the couple integrable system for the semi-discrete KP equation.
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